ABSTRACT This paper proposes a novel decentralized robust H ∞ fixed-order dynamic output feedback (DOF) controller design approach for discrete-time nonlinear large-scale systems via TakagiSugeno fuzzy-affine models. By a state-input augmentation method and piecewise quadratic Lyapunov functions, some sufficient conditions for decentralized fixed-order piecewise affine DOF controller synthesis are given. It is shown that by some convexification techniques, the controller gains can be obtained by solving a set of linear matrix inequalities. Two simulation examples are carried out to verify the effectiveness of the proposed design method.
I. INTRODUCTION
Large-scale systems (LSSs), which consist of a group of nonlinear subsystems with interconnections, widely exist in practical applications such as industrial processes, spacecraft systems, communication networks, and electrical power grids [1] , [2] . The strong interconnections in LSSs bring many difficulties in system analysis and control. During the past years, a number of significant results have been reported [3] - [9] .
On another research frontier, last few decades have witnessed fast developments of fuzzy logic control (FLC) technique from academic studies to industrial applications [10] , [11] . FLC has been recognized as a very efficient approach to control highly complex nonlinear plants or even nonanalytic systems. Among various fuzzy control strategies, the Takagi-Sugeno (T-S) fuzzy-model-based method has attracted tremendous attention from the control community [12] - [20] . Through fuzzy membership functions, a set of local linear or affine models are smoothly connected to approximate nonlinear systems to arbitrary degrees of accuracy in any convex compact region [21] , [22] . In recent years, there have appeared some results on analysis and synthesis for fuzzy-model-based nonlinear large-scale systems [23] - [29] . To mention a few, [25] designed a decentralized parallel distributed compensation (PDC) fuzzy controller based on a common Lyapunov function. Liu and Zhang [28] studied the stability analysis of continuous-time fuzzy large-scale systems with time-varying delays and parameter uncertainties. In [29] , a decentralized fuzzy observer-based output feedback control method was proposed for large-scale nonlinear systems.
It is worth mentioning that the aforementioned results for fuzzy-model-based large-scale systems were mainly derived in the framework of common quadratic Lyapunov function (CQLF). To reduce the conservatism, more recently there have also been some results on analysis and synthesis for LSSs based on piecewise quadratic Lyapunov functions (PQLFs). Zhang et al. [30] and Zhang and Feng [31] addressed the problem of fuzzy state feedback controller design for both continuous-time and discrete-time large-scale systems on the basis of piecewise quadratic Lyapunov functions. Nevertheless, these results were obtained based on fuzzy systems with linear local models, while fuzzy dynamic models with offset terms have been shown with substantially enhanced function approximation competence [17] . Furthermore, most existing results on decentralized controller design for fuzzy LSSs are in state feedback form while few attention has been focused on the general output feedback control case. To the authors' best knowledge, the problem of fixed-order dynamic output feedback controller design for fuzzy-affine-model-based large-scale nonlinear systems has not been fully investigated and remains important and challenging, which motivates us for this study.
In this paper, we propose a decentralized robust H ∞ fixedorder dynamic output feedback (DOF) controller design approach for discrete-time nonlinear large-scale systems based on piecewise quadratic Lyapunov functions. Specifically, the nonlinear subsystems of LSSs are represented by T-S fuzzy models with affine terms. Through utilizing a stateinput augmentation method, the closed-loop system is firstly transformed into a descriptor fuzzy affine system, which eliminates the couplings between the piecewise affine controller gains and system matrices. Based on PQLFs and some convexification techniques, sufficient conditions in terms of a set of linear matrix inequalities (LMIs) are obtained.
The rest of this paper is organized as follows. The large-scale fuzzy affine system model description and decentralized DOF controller design problem formulation are given in Section II. Section III presents the main results for controller analysis and synthesis. Simulation examples are shown in Section IV to verify the feasibility and effectiveness of the proposed approach. Finally, the conclusions are given in Section V.
Notations: The notations used throughout this paper are standard. R n denotes the n-dimensional Euclidean space. A real symmetric matrix P > 0(≥ 0) denotes P being positive definite (positive semidefinite). I n and 0 m×n are used to denote the n × n identity matrix and m × n zero matrix, respectively. The subscripts n and m × n are omitted when the size is not relevant or can be determined from the context. The short hand diag {X 1 , X 2 ......X l } denotes a block diagonal matrix, with diagonal blocks being the matrices X 1 , X 2 ......X l . Sym{A} is the shorthand notation for A + A T . The notation is used to indicate the terms that can be induced by symmetry.
II. MODEL DESCRIPTION AND PROBLEM FORMULATION A. T-S FUZZY AFFINE LARGE-SCALE DYNAMIC MODELS
Consider the following discrete-time nonlinear large-scale system S consisting of N interconnected nonlinear subsystems S i , i = 1, 2, · · · , N . Each nonlinear subsystem can be represented by T-S fuzzy affine dynamic models as follows,
where R l i denotes the l-th fuzzy inference rule for the i-th nonlinear subsystem; r i is the number of inference rules; F l iφ (φ = 1, 2, · · · , ϕ) are fuzzy sets; ζ i (t) := ζ i1 (t), ζ i2 (t), · · · , ζ iϕ (t) are the premise variables for the i-th subsystem S i ; i ∈ N := {1, 2, · · · , N }; x i (t) ∈ n xi is the state; u i (t) ∈ n ui is the control input; z i (t) ∈ n zi is the regulated output; C ni represents the interconnection terms between the n-th subsystem and the i-th subsystem. The disturbance w i (t) is assumed to be norm-bounded.
denotes the l-th fuzzy local model of the subsystem S i .
Remark 1: It can be seen that the system models described in (1) are in fact affine systems rather than linear models. An additional offset term a il is involved. It is noted that this type of model is more powerful for approximation of nonlinear systems.
Then let µ il [ζ i (t)] denote the normalized membership function of the inferred fuzzy set
F l iφ (t) and
where µ ilφ ζ iφ (t) is the grade of membership of ζ iφ (t) in F l iφ . In the sequel, the argument of µ il [ζ i (t)] will be dropped for the situations without ambiguity, i.e., µ il := µ il [ζ i (t)] for brevity.
Through utilizing center-average defuzzifier, productfuzzy inference, and singleton fuzzifier, we obtain the following global T-S fuzzy model,
where
In this paper, we aim to deal with the fixed-order dynamic output feedback controller design problem of fuzzy large-scale system in (1) via piecewise quadratic Lyapunov functions. Because the fuzzy rules induce a polyhedral partition of the system state-space, the global model in (3) can be viewed as a convex combination of local models in individual regions. Similar to [14] , the premise-variable space can be decomposed into two kinds of regions: crisp regions and fuzzy regions. The crisp region is the region that possesses only one rule. That is, for some l, µ il [ζ i (t)] = 1 and all other membership functions are zero. The system dynamics in the crisp region are governed by the l-th fuzzy local model of (1) . The fuzzy regions denote the regions where 0 < µ il [ζ i (t)] < 1 and the system dynamics are characterized by a convex combination of some local models.
Thus, we denote {S ij } j∈I i to be the premise variable space partition for the i-th subsystem, where I i stands for the set of region indices. With the state-space partition, one can reformulate the subsystem S i into the following piecewise fuzzy affine model,
µ im a im ,
with 0 < µ im < 1 and
the indices for the local models used in the interpolation within each local region S ij . Furthermore, I i can be divided into two parts: one part is I i0 which refers to the index set of regions containing the origin, while I i1 is the index set of regions otherwise. Note that for all j ∈ I i0 , a ij = 0. It is easy to see that I i0 contains only one element for a crisp region.
For future use, a new set i is introduced to describe all possible region transitions for the i-th subsystem,
It is assumed in this paper that each polyhedral region S ij can be outer approximated by an ellipsoid R ij [21] , i.e., there exist matrices F ij and f ij such that
This covering is very useful when S ij are slab regions. Because of this case, the parameters F ij and f ij are guaranteed to exist, and the covering is exact, i.e.,S ij ⊆ R ij and R ij ⊆ S ij . Specifically, if the polyhedral regions S ij are slabs of the following form,
where α ij , β ij ∈ R, θ ij ∈ R n xi , and then each slab region can be exactly described by a degenerate ellipsoid as in (9) with
Then we have the following relationship for each ellipsoid region:
B. DECENTRALIZED FIXED-ORDER DYNAMIC OUTPUT FEEDBACK CONTROLLER
For the fuzzy large-scale system (5) in each region, we consider the following decentralized piecewise fixed-order dynamic output feedback (DOF) controller,
, and k cij ∈ n ui are controller gains to be determined. Note that a cij = 0 and k cij = 0 for j ∈ I i0 . It is also worth mentioning that when n ci = n xi , (12) refers to a full-order dynamic output feedback (DOF) controller. While a reduced-order controller is characterized as n ci < n xi . In particular, (12) reduces to a static output feedback controller if n ci = 0.
Applying the DOF controller (12) to system (5), one can obtain the following closed-loop system,
T and reformulate system (13) into the following descriptor form,
and specifically, we have
It is worth mentioning that in this paper, through applying the x-u augmentation approach, the controller gains have been decoupled from the system matrices. It will be shown in the sequel that this feature enables one to design the fixedorder piecewise affine dynamic output feedback controller in convex optimization framework based on linear matrix inequalities.
The objective of this paper is to design a fixed-order DOF controller in the form of (12) such that the resulting closedloop system is asymptotically stable with a guaranteed robust H ∞ performance γ . To be more specific, for a prescribed disturbance attenuation level γ > 0, design a DOF controller (12) such that the induced l 2 -norm of the operator form w to the regulated output z is less than γ ,
under zero initial condition for all nonzero
III. MAIN RESULTS
In this section, based on piecewise Lyapunov functions and some convexification techniques, some new results will be proposed to the decentralized robust H ∞ fixed-order dynamic output feedback controller design for large-scale system (1).
A. FIXED-ORDER DOF CONTROLLER ANALYSIS AND SYNTHESIS

Theorem 2:
Consider the large-scale fuzzy system in (1). For a given scalar ε 0 > 0, the closed-loop system in (14) is asymptotically stable with a guaranteed H ∞ robust performance γ , if there exist matrices 0
Moreover, the controller gains can be obtained as follows
Proof: Note that the condition (17) for j ∈ I i0 is a special case of the condition (18) for j ∈ I i1 . Without loss of generality, in the following, the proof of the more complex case j ∈ I i1 is presented. Consider the following piecewise Lyapunov function,
where 0 < P ij = P T ij ∈ (n xi +n ci +n ui )×(n xi +n ci +n ui ) , j ∈ I i1 , i ∈ N , are positive definite symmetric Lyapunov matrices.
Based on (21), the closed-loop system in (14) is asymptotically stable with a robust H ∞ performance γ under zero initial condition with nonzero disturbance w i (t) ∈ l 2 [0, ∞], if the following inequality holds for (j, s)
Define the following augmented vector,
and then inequality (22) holds with (j, s) ∈ i , if
Based on the space partition (11) and utilizing S-procedure, the following inequality (25) implies (24),
with λ ij < 0. Noticing x i (t) = J ·x i (t), then yields,
and (1)
On the basis of Lemma 8 and Tchebyshev's inequality shown in the appendix, it follows from the closed-loop system (14) that the following equality holds for any matrices
where A ij = [−IĀ ijāijDij ], and scalar parameters
Combining (26) and (28), yields,
Applying Schur complements, one has
Expanding the fuzzy-basis functions, the following inequality implies (31),
Note that the piecewise affine controller gains are not involved in the first row of the closed-loop matricesĀ ijm , a ijm , andD ijm . For the numerical tractability of the controller synthesis conditions, the slack variable matrices G 1ij , G 2ij , G 3ij , G 4ij are given as,
where δ 1 , δ 2 , δ 3 , ρ 1 , ρ 2 , ρ 3 are scalar parameters. DefineĀ
Substituting the matrices defined in (34) into (32), together with consideration of (35), lead to (18) . In addition, the conditions in (18) imply that δ 1 G 1ij4 + δ 1 G T 1ij4 − P is4 > 0 and ρ 1 G 1ij5 + ρ 1 G T 1ij5 − P is6 > 0, which implies that G 1ij4 and G 1ij5 are invertible. The controller gains can be obtained via (20) . The proof is completed.
Remark 3:
Note that the results given in Theorem 2 are derived based on a piecewise-affine DOF controller as in (12) . However, to further reduce the design conservatism, one should notice that the approach in this paper can be extended to synthesize a piecewise-fuzzy-affine controller as follows,
(36)
B. A SPECIAL RESULT FOR STATIC OUTPUT FEEDBACK CONTROLLER DESIGN
Note that when n ci = 0, i.e., the controller order is zero, the fixed-order controller (12) reduces to a decentralized static output feedback (SOF) controller in the following form,
where D cij ∈ n ui ×n yi , and k cij ∈ n ui are controller gains to be determined. Note that
)] T and the corresponding closed-loop system is
,
Specifically, x i (t) = J 1 ·x i (t). On the basis of Theorem 2, the SOF controller synthesis conditions can be given in the following corollary.
Corollary 4:
Consider the large-scale fuzzy system in (1). For a given scalar ε 0 > 0, the closed-loop system in (14) is asymptotically stable with a robust H ∞ disturbance attenuation level γ , if there exist matrices 0
, scalars ε inj > 0, i, n ∈ N , n = i, and λ ij < 0, j ∈ I i1 such that the following linear matrix inequalities hold,
Moreover, the controller gains can be obtained as follows,
Proof: Condition (40) is a special case of condition (41). Without loss of generality, in the following, the more complex case j ∈ I i1 will be considered. Noticing that n ci = 0, and
whereĤ 2 = I n ui 0 (n xi −n ui )×n ui T , and ρ 1 , ρ 2 , ρ 3 are scalar parameters. Then rest derivation procedures can be conducted in similar ways as the proof of Theorem 2.
Remark 5: Compared with conventional approach for fixed-order DOF controller design, a descriptor system approach has been proposed to deal with the difficulty that strong couplings existing in piecewise affine controller gains and fuzzy affine dynamic models with interconnections. With the augmentation of system states and control inputs, this decoupling feature enables one to synthesize the fixed-order piecewise affine DOF controller in a unified framework based on linear matrix inequalities.
IV. SIMULATION EXAMPLES
In this section, two examples are given to verify the effectiveness of the proposed design method.
Example 6: Consider a discrete-time fuzzy-affine largescale system with two interconnected subsystems as follows,
and the system matrices are given as, subsystem S 1 : 
and subsystem S 2 : 
The normalized membership functions of subsystems S 1 and S 2 are demonstrated in Fig. 1 . Through the space partition, the premise-variable space in each subsystem can be divided into three regions,
where d i1 = 50, d i2 = 300. It is noticed from Fig. 1 that S i2 is a crisp region, and S i1 and S i3 are fuzzy regions. Note that θ T ij = [0 1], for j ∈ I i , i ∈ N , and the parameters of the degenerate ellipsoid are given as,
The aim is to develop a decentralized fixed-order dynamic output feedback controller in the form of (12) such that the corresponding closed-loop fuzzy-affine large-scale system is asymptotically stable with a robust H ∞ performance γ . Given the parameter ε 0 = 1, and applying Theorem 2 with ρ 1 = ρ 3 = 1, ρ 2 = 3, δ 1 = 4, δ 2 = 1, and δ 3 = −1, one obtains the feasible solution with H ∞ performance γ min = 0.2483 for the full-order (2-order) DOF controller. The corresponding controller gains are for subsystem S 1 and 
for subsystem S 2 . The H ∞ performance is γ min = 0.2487 for the reducedorder (1-order) DOF controller with gains given as follows, for subsystem S 1 and
for subsystem S 2 . In addition, via Corollary 4, we can obtain feasible solution with γ min = 0.4956 for the static output feedback controller with gains given as follows,
for subsystems S 1 and S 2 , respectively.
It is easy to see that a better disturbance attenuation level can be obtained with a higher order controller.
To verify the effectiveness of the designed controllers, simulations are carried out. · sin(2t), the state trajectories of closed-loop 
in Example 6. subsystems S 1 and S 2 are shown in Fig. 2 . Under zero initial conditions, the H ∞ performance is shown in Fig. 3 . The ratio
is about 0.1357, which is lower than the minimum disturbance attenuation level γ min = 0.2483. Thus, the obtained decentralized controller is able to stabilize the fuzzy large-scale system with satisfactory performance. To further validate the effectiveness of the proposed approach, in the sequel, we consider another simulation example.
Example 7: Consider a large-scale nonlinear continuous stirred tank reactor (CSTR) system with two interconnected subsystems as follows,
where the system states x i1 and x i2 denote the reactor temperature and the concentration, respectively. u i is the temperature of the coolant stream, which is system control input and w i is external disturbance. The nominal plant parameters in this simulation are given in Table I , and the parameters
i1 and i2 represent the interconnected terms of the two CSTR subsystems that 11 = 0.1x 21 
The normalized membership functions for each CSTR subsystem are shown in Fig. 4 with d 
Note that S i1 and S i3 are crisp regions while S i2 is a fuzzy region. For brevity, only the full-order DOF controller is considered in this example. Based on Theorem 2, one obtains the feasible solution with performance index γ min = 0.3704, and the controller gains are 
for subsystem S 1 and 
for subsystem S 2 .
With initial conditionx i0 = [20 0.2] T , and external disturbance w i (t) = 450e −3t · sin(5t), Fig. 5 shows the state responses for both subsystems S 1 and S 2 . Under VOLUME 5, 2017
